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ABSTRACT

Considering the fact that interval arithmetic is well applied in robotics as
in other several fields of science, learning it in more details has a great
importance in a scientific career. Therefore, this internship was intended to
improve this knowledge using interval analysis through two different and
complementary activities: programming real applications to this theory in
robotics using Python and using this theory to program iterative solutions to
parametric interval linear systems. This first activity was gave by Professor Luc
Jaulin of ENSTA-Bretagne in Brest, France.

However, the second activity, which carries a lot of theory, was the main
part of the internship and it was gave by the Professor Iwona Skalna of Faculty of
Management at AGH in Krakow, Poland. She was the tutor and she leads the work
realized there. The activity realized there has to do with her particular interest,
which is programming iterative methods to find better solutions to LIP systems
called p-solutions (this corresponds to a linear interval form).
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1. Introduction

Interval Analysis is a mathematical method developed as an approach to
putting bounds on rounding errors and measurement errors (such as the position
of a robot) in a mathematical computation and thus developing numerical
methods to find the better results. Quite simply, it represents each value to a
range of possibilities. Since that commonly it is not possible to have one perfect
measure of any physical quantity, it is better to work with intervals.

The most common use is to monitor and handle rounding errors directly
during the calculation and uncertainty in the knowledge of the exact values of
the physical and technical parameters.

Due the possibility to apply this arithmetic in several fields of study, it is
an important method to be studied and worked. Thus, this internship shows up
as an opportunity to learn new applications. In addition, since it happens abroad,
is also a way to improve the intercultural communication.

In addition, it is good to say that the mission of the AGH UST Faculty of
Management is “to support the development of modern management systems
for organizations acting in the economy based on knowledge by means of
creating and transferring advanced and practical knowledge in the field of
economic and technical sciences”.

Itis possible to separate the internship in two parts. The first one is about
the application of this method in robotics using Python based on the course
IAMOOC (better explained below) which consisted in solve some interval
problems using the library Pylbex. The second part and the main part of the
internship is implement different algorithms to figure out better solutions to
parametric interval linear systems.

1.1. IAMOOC

IAMOOC is an online course given by Professor Luc Jaulin and Associate
Professor Jordan Ninin, both at ENSTA-Bretagne, which shows a good
introduction to Interval Analysis through several videos and solved exercises.
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During the very beginning of the internship, it was necessary to redo all
exercises on that course to recall some definitions of the interval analysis method,
such as box and contractors.

Thus, Mr. Luc Jaulin gave some tasks based on IAMOOC courses to study
more deeply the concept of intervals applied in robotics and to present them to
Ms. Iwona Skalna, showing to her how this subject is worked at ENSTA-Bretagne,
as an exchange of knowledge.

These exercises and their results are better explained in chapter 3.
1.1.1. PYIBEX

Pylbex is a Python library, which allows work with IBEX in a Python
environment.

IBEX is a C++ library used to process limited real numbers. It gives
algorithms for manipulating non-linear limitations (such round off errors), which
is used on interval and affine arithmetic.

Pylbex library has several necessary functions as the algorithm SIVIA (Set
Inversion via Interval Analysis), which solves any set inversion problem.

1.1.2. VIBES

Vibes is another Python library used to drawn figures. It is very useful to
visualize the results as the figures (taken of an IAMOOC exercise done during the
internship) on the next page show:
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Figure 1: It shows two regions (rings) that could be a localization problem for example

'-80 '-60 '-40 '-20 '0 '20 '40 '60 '80

Figure 2: It shows the intersection of the previous rings on the Figure 1

1.2. Visual Studio

Visual Studio is an IDE made by Microsoft. It was used during most part
of the internship to program mathematical computations with the intention to
find better methods applying interval analysis.

Although using Python in IAMOOC exercises, all programs on this part of
the internship were programmed in C++ using the libraries that Ms. Iwona Skalna
had created. There are no graphical results as using Vibes but it is not important,
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because to achieve the main objective is just necessary to compare the numeric
results.

The computations fulfilled into this part were based in papers of
Professor Lubomir Kolev, where he teaches how to calculate these p-solutions.
His activities are better explained on chapter 4.
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2. What Is the Use of p-Solutions ant Its Relation
with Interval Analysis Concept?

At first, the idea of the internship was to do parallel works with practical
tasks to robotics given by Prof. Jaulin and the programs given by Prof. Skalna. This
way it is possible to work theory and practice together. Nevertheless, due the
time demanded to study and implement the p-solutions, it was not possible to
continue doing the activities geared to robotics.

However, the course that the internship took was interesting. Focusing
on the implementation of solutions to interval problems allowed deepening
theory and learning new solving methods, which was the principal goal.

Ms. Skalna has been doing several researches in these methods. Also,
she has been working in a book and in some papers which are important to the
Faculty of Management as well. Thus, the study and implementation of these
concepts are important as a serious research work.

As a result of this internship to the Faculty of Management, and
principally Ms. Skalna, it is expected having let useful algorithms which show the
utility of the two methods implemented. Also, the knowledge about the
applications of interval arithmetic in the area of robotics (using the libraries
Pylbex and Vibes) as real examples.
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3. Using Interval Analysis to Solve Some Robotic
Localization Problems

As mentioned before, this was the first part of the internship. It consisted
in accomplish tasks given by Professor Luc Jaulin programming in Python. They
were two interval arithmetic problems with application in robotics and the main
idea was take advantage of the knowledge learned in class and doing the
exercises of IAMOOC.

3.1. Task 1: Find a robot using coordinate matrices with
errors

This problem was the localization of a robot using two matrixes of
coordinates (D and a) with errors, it means, interval matrixes. There are four
captors positioned symmetrically and each one of them knows a region where
the robot is. These captors measure these regions with an interval of angles “a”
and an interval of distances “d”. Thus, the matrix D represents all distances d
measured and the matrix A, all angles a.

To solve this problem it just was necessary find an intersection of all
these measurements, which represents a small area than the union of all regions.
However, in certain cases, one or more captors could be doing wrong
measurements, what prevents the algorithm to find the intersection. Therefore,
it is necessary to give some degrees of freedom that we call number of outliers.
For example, if the number of outliers is equal to one, it means that the program
will find all intersections possible ignoring one region at the time and after it will
trace their union.

Fortunately, it was not the case, but even so, it was put the result of the
same problem with different numbers of outliers to see what happens. It is
possible to check later in this chapter these results.

3.1.1. Task Accomplishment

This first task took one week to be fulfilled. It was relatively easy, but in
order to remember the theory to solve the problem it was necessary review the
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exercises on IAMOOC, then apply the same logic into the problem. Therefore, it
was a good way to recall the knowledge learned during the semester.

3.1.2. Results

Thanks to Vibes, it is possible to visualize the four beacons in black and
the regions that they can measure in red. Each figure shows the result with a
certain number of outliers.

Figure 3: Result with zero outliers Figure 4: Result with one outlier

Figure 5: Result with two outliers Figure 6: Result with three outliers
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As shown in the figures, the more the number of outliers increases, the
less accurate is the result. The figure 6 represent the union of all regions because
when the number of outliers is equal to the number of regions minus one, it
means that each region will be completely represented.

3.2. Task 2: Find a Mobile Robot

This problem looks like the previous one, but now it consists in doing the
robot following a trajectory and it may use the estimated position for its control
law. This task is similar also to the exercises in IAMOOC, which are useful to solve
this problem.

3.2.1. Task Accomplishment

This exercise took two weeks because it was necessary understand better
some concepts as doing the robot control law and how calculating the estimated
position for each time, which is a common problem in mobile robotics.

Then, it was necessary more time to solve the problems on the algorithm
to finally show and explain to Ms. Skalna how the program works and how the
interval analysis is used.

3.2.2. Results

Again, using Vibes is possible to see the four beacons in black, the
trajectory (the robot position along the time) in red and the estimated position
of the robot in blue boxes.

To show better the dynamic of the problem, the program was configured
to plot some positions over the time as the figures on next page represent:
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Figure 7: Dynamic of the robot localization on the first iteration Figure 8: Dynamic of the robot localization on the last iteration

This kind of computational problem is common in robotic mapping,
called SLAM (Simultaneous Localization and Mapping).

When comparing both figures 7 and 8 it is possible to perceive the
evolution of the estimation of the robot after some iterations (better accuracy of

the interval box, which contains the estimated position). This was the expected
result.
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4. Applying Interval Methods to Solve Parametric
Linear Programming Problems

Professor Iwona Skalna has a particular interest testing different models
of affine arithmetic implementation to find the bests solutions. She is writing a
book where she explains these methods and show the results. Therefore, in this
part of the internship, she gave some papers written by Mr. Lubomir Koley,
professor at the Department of Theoretical Electrotechnics at Technical
University of Sofia (Sofia, Bulgaria). On these papers, he teaches his methods
with examples and some applications. As the language used is a little complex to
people who are not accustomed to work with interval analysis and large
iterations, Ms. Skalna gave some explanations and examples to teach the basic
model used by this professor.

Then, after teach the mathematical models applied into the programs,
Ms. Skalna gave two main problems for the rest of the internship: a linear
parametric problem and a quadratic parametric problem.

Both iterative methods consist in take a problem in matrix format where
to find the solution is needed do an iterative process over a p parameter. During
the iteration on the linear case, when the equation arrives in a quadratic
exponent (p?), a linearization is applied to reduce this term. Similar in the
guadratic case, but it happens when the equation is cubic.

To stop the both iterations, the stopping criteria is when the difference
between the actual solution and the previous one is less than a default value.

4.1. Organization

In order to accomplish these tasks during the remaining time of the
internship, a table of functions was created, as it is possible to see below.

It was better and more logical start with the linear method (since the
quadratic case could see as an improved version of the linear case).
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Linear case:

Activity Expected deadline Real end date of work

Study and theoretical

work (method written 10/07 13/07
on the paper)

Implementation of the

algorithm (without the 17/07 22/07
recursive part)

Full functional algorithm 31/07 28/07

As it is possible to see, it took more time to learn and write the solution
of the exercise than it was expected. The implementation of the first part of the
algorithm took more time as well. Nonetheless, once finished this part, doing the

iterative part was simpler.

After finish the linear case, the results obtained were not satisfactory.
However, no errors were found and the mathematical method seems to be
correct, so it was just a limitation of the method.

Quadratic case:

Activity

Expected deadline

Real end date of work

Study and theoretical

work (method written 14/08 19/08
on the paper)
Implementation of the
algorithm (without the 28/08 02/09
recursive part)
Full functional algorithm 03/09 05/09
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The time taken to search possible errors on linear case added with the
fact that the quadratic case has a theory more complex, the programmed
schedule could not be followed.

This delay did not influence too much the last activity, which was not
accomplished. The problem was the result of the implementation of the first part
of the algorithm that were not that better as expected. Nevertheless, some
revisions were done looking for errors as well and finally an error was found.
After repair the problem on the code, the program works much better as
expected.

It is worth remembering that Ms. Skalna give her assistance throughout
all internship, teaching the theory with notes, helping to find errors and
correcting some of them.

4.2. Linear Parametric Solution

The method computing linear type p-solution to the parametric interval
linear systems is relatively simple and commonly used to find solutions that do
not need be very accurate.

This method takes initially a system with a matrix A and a vector b as
showed below:

A(p)x = b(p)

Where pis aninterval. Then, applying the concepts on the papers of Prof.
Kolev, the objective is to find a linear solution to x in the form:

x(p) =c+Llp+s
Where c is the sum of all linear parts, L is the operator and s an interval.
4.2.1. Implementation

At first, the functions created by Ms. Skalna called “ktransform” and
“gausse” on the program takes as parameters the matrix A and the vector b and
apply linear transformation to change this system to obtain an ideal symmetric
interval p =[-1,1]. This interval facilitates a lot the calculations and it is no needed
to revert this decomposition after obtain the results.
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Then, the function “gausse” returns the value of the first solution x(0)
(called midpoint solution).

After, using the theory learned the iterative system “grows” until a
quadratic equation. Then is necessary apply a linear approximation (hence the
method name) to reduce it. Thus, put in a loop with the stopping criteria said
earlier using the difference between the actual solution and the previous one.

At the end of each iteration, the program put all terms of the solution
into a function called “kolevReduce” to reduce the parametric solution in an
interval.

4.2.2. Results

The results were not satisfactory because the interval solution was
always growing instead reducing. Then, after the revision of the algorithm, the
conclusion was that the problem was not an error on the code or the concept,
but a limitation of this method. Actually, it works well with an uncertainty equals
zero, which leads to say that this method can be used with small uncertainties.
Nonetheless, the result, even when its uncertainty is equal to zero is not very
precise as it should be.

The figure below can show how the solution grows quickly (in just 10
iterations) instead of reducing, even with a little uncertainty as 0.1:
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Invite de commandes

Figure 9: Comparison between the ideal linear p-solution and the liner p-solution with uncertainty = 0.1

|II

The “p-solutionldea
uncertainty zero and the “p-solution” shows the result with uncertainty 0.1.

represents the values that this method tends with
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4.3. Quadratic solution

The quadratic p-solution to the parametric interval linear systems is quite
similar as the previous case. However, due its complexity, it was required more
time to understand the theory. This method is an improvement of the linear case,
being more accurate once that the interval [-1, 1]? = [0, 1], what reduces the
interval of the solution.

Ms. Skalna initially wanted to start directly with this method, but after
she thought that it would be easier and better to learn the theory starting with
the previous one. Therefore, the developing of the quadratic case could see as
the main objective of the internship.

The objective now it is to find a linear solution to x in the form:
x(p) =d+Cp+Qp?+s

Where d is the sum of all linear parts, Cand Q are the operators and s an
interval.

4.3.1. Implementation

All the process follow the same logic than the linear parametric solution.
The only difference in the implementation is the linearization part. Nevertheless,
even if the methods is called quadratic, here the approximation was also linear
because it was applied a linear approximation in the cubic equation (bus just with
the terms p and p?).

The calculation of the matrix Q (which multiplies the vector p?) was
somewhat difficult and the calculation of the p-solution was even harder because
it was needed calculate term by term from the result of matrix calculations. Then
find a logic and put in four “for” loops.

In addition, as this method has one term more, it was necessary change
the function “kolevReduce” to find the final solution in the form of an interval.

The problem found here was after finish the algorithm without the
iteration part, because the results were not good as expected. Then, it took some
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time to find the error (on the linearization part) and repair it. However, after this,
it was easier to proceed with the resolution.

4.3.2. Results

The results were very satisfactory here. Although the linear case was not
that good, in the quadratic iteration is possible to observe better values of
intervals as expected.

Ms. Skalna has an indispensable role in this part, solving the errors found
on the algorithm, which, when compiled, presented strange values even before
the iterative part. Then, thanks to her help, it was possible to reach the
internship’s objective within the time limit.

The figure on the next page presents the comparison between the ideal
previous linear solution and the quadratic new one:
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Figure 10: Comparison between the ideal linear p-solution and the quadratic p-solution with uncertainty = 0.1

As it is presented, this solution is even lesser than the solution expected
for the linear case proving that the quadratic form has a reliable accuracy.

Normally, it is necessary to calculate a radius value for the uncertainties
to know the limitations where this method works. However, there was not
enough time remaining to do it.
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5. Contribution to the student’s professional project

Normally in classes, a library already done as Pylbex is used to develop
and solve robotic localization problems. However, during this work realized in
AGH, it was necessary to work directly with theory programming these p-
solutions what requires more knowledge on the subject. In addition, the
experience of heaving an excellent tutor as Ms. Skalna was indispensable to learn
faster because she was regardful, helping whenever it was necessary and
preparing notes to explain in the best way.

During the internship, it was very great and useful learning new subjects
about programming, iteration methods and interval arithmetic, which certainly
will have great uses for the next projects and works. Nevertheless, besides all the
knowledge necessary to follow a scientific career as a professional project, there
are some other important skills to develop.

As an experience abroad in a country with a culture so different
compared to France, the intercultural exchange was intense making an
improvement in the intercultural communication skills and in the formal English.
Other strong points of a researcher.

Doing research tasks showed a little how is working in this career.
Sometimes it is not satisfactory like spending time trying to find a good solution
just to perceive that it was another wrong one. On the other hand, it serves as
motivation to keep researching.

Then, one of the most important experiences in this internship was being
with inspirational researchers, who were always available to teach something,
and accompany closely their works (in particular Ms. Skalna who taught several
things about the subject she was working).

Therefore, uniting all these points learned on these 10 weeks, it is
possible to affirm that this experience was unique and extremely useful to create
a great base to the future career.
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6. Conclusion and Perspectives

The main part of the internship, the quadratic type p-solution to the
parametric interval linear systems, presents the best solution. Its results were
very satisfactory due the accuracy using small uncertainties. On the other hand,
the results of the linear type were not good and after some revisions, it was
assumed that the problem is on the limitation of the mathematical model.

As recommendation, it is necessary to calculate the valid radius of the
accuracy of the quadratic method to know until where reliable value of
uncertainty this method works well. Moreover, do a last review in the algorithm
of the linear part just to confirm the problem in the model.

6.1. Perspectives

Some ideas to do in a possible future project, if someone is interested to
do an internship in AGH also:

1. Use this quadratic method or one of the best methods found by Ms.
Skalna and implement directly in ROS (Robot Operating System) to
use in robot localization problems.

2. Inthe quadratic iterative method, as it was mentioned, it was applied
a linearization with the terms p and p3. Instead of that, it would be
interesting to apply a quadratic approximation to the whole equation
just to see if the results is even better.

3. Meliorate the second task (3.2) given by Mr. Jaulin, putting more
robots and making them localize each other to be grouped.
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