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Abstract
Stability analysis of nonlinear systems is one of the biggest issue in control theory. A solution

is to build a capture tube which ensure state equation integration. The cross − out conditions
guarantee the stability of the system inside the capture tube. This study aim to develop a
method to build a capture tube for a nonlinear system avoiding wrapping effect and trying to
have a quick computation.

Throw the example of two nonlinear systems, one of the 2nd order and one of the 3rd
order, we illustrated a method to build a capture tube avoiding wrapping effect. Thanks to the
cross − out conditions, we can build a capture tube which ensure the state equation integration.
We avoid the wrapping effect and the time of the computation is not too long.

However, we have a method for system of the 2nd and 3rd order, but not for higher orders.
For systems of the 2nd order the capture tube is built with lines, for systems of the 3rd order
the capture tube is built with triangle surfaces, for systems of the 4th order we cannot extend
this method.
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Introduction

Stability analysis of nonlinear systems is one of the biggest issue in control theory. There
are some methods, as using Lyapunov functions to prove the stability of the system, but finding
Lyapunov functions for nonlinear systems is not a trivial matter [COD-1]. Another solution can
be to build a capture tube [JAU-1] that ensure state equation integration. The robot cannot
turn off the capture tube, so we know all possible positions of the robot. Current methods
use guaranteed integration to find such sets, but they are computationally expensive and tend
to have wrapping effect for longer propagation times. This study aim to develop a method to
build a capture tube for a nonlinear system avoiding wrapping effect and trying to have a quick
computation.

After generalities about stability, this document treats the cases of systems of 2nd and 3rd
order. We will offer a method to build a capture tube for nonlinear systems of the 2nd and 3rd
orders.
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Chapter 1

Generalities about stability

A nonlinear system can generally be describe a state equation of the form :

Sf : ẋ(t) = f(x(t), t) (1.1)

A tube G is a function which associates to each t ∈ R a subset of Rm.
A tube G is said to be a capture tube for Sf if we have the following implication :

x(ta) ∈ G(ta), τ > 0⇒ x(ta + τ) ∈ G(ta + τ) (1.2)

Consider the tube

G(.) : t→ {x | g(x, t) ≤ 0} (1.3)

where g : Rn×R→Rm is assumed to be differentiable with respect to both x and t. The
following theorem shows that the problem of proving that G(t) is a capture tube can be cast
to proving that a set of inequalities has no solution.

Theorem :If the system of constraints (called the cross − out conditions)


(i) ġi(x, t) ≥ 0,
(ii) gi(x, t) = 0,
(iii) g(x, t) ≤ 0,

(1.4)

is inconsistent (i.e.for all x, all t≥0 and all i ∈{1,...,m}, the inequalities are not satisfied),
then G(.) : t→ {x|g(x, t) ≤ 0} is a capture tube for the system ẋ = f(x, t)
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Chapter 2

System of the 2nd order

2.1 Generalities
To build a capture tube for a system of the 2nd order, we use the example of the pendulum

with the following state equations:

ẋ1 = x2

ẋ2 = − sin(x1)− 0.15 ∗ x2
(2.1)

where x1 is the angle of the pendulum and x2 the rotational speed.

2.2 Construction of the initial tube
First, we have two initial vectors : x1 = [x1l ; x1u] and x2 = [x2l ; x2u]. With these two

vectors, we have four extrem points.
xA = (x1l ; x2u) ; xB = (x1l ; x2l) ; xC = (x1u ; x2l) ; xD = (x1u ; x2u)
Then, we simulate the trajectories of these four initial points with Euler method, as shown

on the figure 2.1.
In the case of the pendulum, we know the system will converge to a stable position, so the

tube will be closed. With the Euler method, the trajectories of the extrem points are composed
of lines.

We begin the construction of the tube from one of the extrem points and we put it in a list
which will contain the points of the tube.

We want the best initial tube (i.e., an initial tube containing all extrem trajectories) to save
time for the treatment of the cross − out conditions next. To chose the next point of the initial
tube, we select the following point of the last point of the initial tube (i.e., if the last point
comes from the extrem trajectory A, the last point of the tube is xA(j) and the point selected
is xA(j + 1)).
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Figure 2.1: Extrem trajectories : initial box (cyan) and extrem trajectories (red, blue, green,
yellow)

Then we check if there is a trajectory (trajectory of extrem points and side of the initial
box) crossing the line [xA(j);xA(j + 1)]. If it is the case, we add the last point of the line
crossing the line [xA(j);xA(j + 1)] (i.e., the two last points of the tube are xA(j) and xB(k) for
example)

We apply this method up to close the tube (i.e., when we have twice the same point in
the initial tube), the result is on the figure 2.2. The trajectory of the tube has to begin and
finish with the same point, so the points of the tube added before the closed point are deleted
because they are inside the tube. The result of the initial tube is shown on the figure 2.3.

2.3 Cross-out conditions

We will explain the cross − out conditions for the pendulum system. In our case, the
condition (iii) of the cross − out conditions is guaranteed by the condition (ii) because we have
only one tube. So, we only have two conditions to check.

The condition (ii) checks if the point selected is on the border or not. So, to satisfy this
condition, we will take points on the border of the tube.

The condition (i) checks, thanks to the derived vector, if the point on the border of the tube
will stay inside the tube or if it will go out of the tube. If the point will go out of the tube, the
tube is not a capture tube.
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Figure 2.2: Closed tube : initial box (cyan), extrem trajectories (yellow) and initial closed tube
(black)

Figure 2.3: Initial tube : initial box (cyan), extrem trajectories (yellow) and initial tube (black)
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2.4 Impementation of the method
The tube built is composed of lines, which form the border of the tube. So, we check the

cross − out conditions on each line of the tube.
To begin, we have two points (the extremities of the line). On this line we build a number

of boxes, (if we build lots of boxes, the accuracy will be better but the computation time will
be longer) in our case we chose to build ten boxes. Thanks to this, we are sure that we will
check all points of the border.

First, we determine the equation of the line, we will use the slope of the line to check if the
points inside the box will stay inside the tube or not.

Then, for each box of the line, we determine ẋ1and ẋ2thanks to interval method [JAU-2].
Now, we calculate the value of the angle between the border (with the slope of the line) and

Ẋ =
(
ẋ1

ẋ2

)
. We just need the sign of this angle, thanks to this sign we know if the points

inside the box will stay inside the tube or if they will go out of the tube.
For all boxes on the line, if all points stay inside the tube, we do nothing and we check the

next line.
But if some points go out of the tube, we have to extend the tube. So, we move the point

which correspond to the final point of the line. Then, we check the new line, if it is good, we
keep this new line, but if it is not good, we move the point again, and we check the new line
etc...

When we have to move the point, we move perpendicular to the initial line, as explained
on the figure 2.4.

After checking all lines of the tube, we come back at the first point. But, maybe we moved
the last point (i.e., the first point) of the tube, so the first line moved. So, we will check again
the tube, if the last point of the tube moved checking the cross-out conditions.

2.5 Results
The result of this method is satisfactory. The figure shows the result of this method with

initial vectors x1 = [−0.3; 0.1] and x2 = [−0.2; 0.3] and dt = 0.1 for Euler method.
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Figure 2.4: Moving point : the initial line (black line), after one move (red line), after a second
move (blue line)

Figure 2.5: Capture tube pendulum system : initial box (cyan), initial tube (black), capture
tube (red)
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Chapter 3

System of the 3rd order

3.1 Generalities
To build a capture tube for a system of the 3rd order, we use the example of a nonlinear

system with the following state equations:


ẋ1 = −x2 ∗ x3 + 1
ẋ2 = x1 ∗ x3 − x2

ẋ3 = x2
3 ∗ (1− x3)

(3.1)

3.2 Construction of the initial tube
First, we have three initial vectors : x1 = [x1l ; x1u] , x2 = [x2l ; x2u] and x3 = [x3l ; x3u].

With these three vectors, we have eight extrem points.
xA = (x1l ; x2l ; x3l) ; xB = (x1l ; x2l ; x3u) ; xC = (x1l ; x2u ; x3l) ; xD = (x1l ; x2u ; x3u) ;

xE = (x1u ; x2l ; x3l) ; xF = (x1u ; x2l ; x3u) ; xG = (x1u ; x2u ; x3l) and xH = (x1u ; x2u ; x3u)
Then, we simulate the trajectories of these eight extrem points with Euler method, as shown

on the figure 3.1.
To begin, we watch the trajectories of these points and we choose the sides of the initial

tube. To do this, we select the extrem points of the initial tube and we link them with lines.
The tube has to be closed, and an example of this step is shown on the figure 3.2.

Then, to have a better accuracy, we take several points on the sides of the initial tube,
thanks to this we will avoid wrapping effect.

Then, we calculate the positions of all points of the initial tube thanks to Euler method
and we build surfaces between the points of the tube. We use triangles surfaces because we
cannot always build rectangular surface between four points in 3D. So, we have two triangles
to represent the surface between four points, as shown on the picture 3.3.

Now, we have the initial tube, that is a tube built thanks to triangles surfaces. On the
figure 3.4 we can see a part of an initial tube.
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Figure 3.1: Extrem trajectories : initial box (black) and extrem trajectories (blue, red, cyan,
green)

Figure 3.2: Sides of the initial tube (red), corners of the initial tube : E-F-B-D-C-G-E
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Figure 3.3: Triangles surfaces between four points

Figure 3.4: Part of an initial tube
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3.3 Cross-out conditions
We will explain the cross − out conditions for our system of the 3rd order. In our case, the

condition (iii) of the cross − out conditions is guaranteed by the condition (ii) because we have
only one tube. So, we only have two conditions to check.

The condition (ii) checks if the point selected is on the border or not. So, to satisfy this
condition, we will take points on the border of the tube.

The condition (i) checks, thanks to the derived vector, if the point on the border of the tube
will stay inside the tube or if it will go out of the tube. If the point will go out of the tube, the
tube is not a capture tube.

3.4 Implementation of the method
The tube built is composed of triangles surfaces, which form the border of the tube. So, we

check the cross − out conditions on each triangle surface of the tube.
To begin, we have three points (the extremities of the triangle surface). On this triangle,

we build boxes, thanks to this we are sure that we check all points of the surface.
We build the boxes with an algorithm based on the SIIVA algorithm [JAU-2]. We start

with a cube which includes the triangle. Then we check if the surface crosses the cube, if it is
the case we cut the box in eight boxes and we check again up to have a box with the wanted
size. Finally we have some boxes, with the same size, which approximate the triangle surface.

First, we calculate the equation of the surface. We will use the normal vector of the surface
to check if the points inside the boxes will stay inside the tube or not.

Then, for each box of the surface, we calculate ẋ1, ẋ2 and ẋ3 thanks to the interval method
[JAU-2].

Now, we calculate the value of the angle between the normal vector and the vector Ẋ =
ẋ1

ẋ2

ẋ3

. We just need the sign of the sine of this angle, thanks to this sign we can know if the

points will stay inside the tube or if they will go out of the tube.
For all boxes, if all points stay inside the tube, we do nothing and we check the next triangle.
If some points go out of the tube, we have to extend the tube. So, we move one point of

the triangle. Then, we check the new triangle, if it is good, we keep this new surface, but if it
is not good, we move the point again and we check the new surface, etc...

When we have to move a point, we have two solutions if we are on a side of the initial tube
or at a corner of the initial tube.

With a surface on a side of the initial tube, we move the point on the perpendicular direction,
following the normal vector of the surface.

With a surface at a corner of the initial tube, if we use the same method we have wrapping
effect so, we use another method and we take a vector which is the mean of the normal vectors
of the two surfaces of the two sides of the corner as explained on the figure 3.5.
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Figure 3.5: Move a point of a surface : ~n3 is the mean of ~n1 and ~n2, we move the point N
following this direction

When we check the cross − out conditions of the tube, we begin at a point (for example the
point M1) and we check the following surface of the same step and, thanks to this, we check all
the surfaces of the same step. This is explained on the picture 3.6.

Figure 3.6: Checking a step. We begin with the red surface, we check the cross − out conditions
on this surface and if we have to move a point, we move the point M1(k+1). Then, we check
the blue surface and if we have to move a point, we move the point M2(k+1). We continue
with the same method and finally we will check the green surface and move the point M1(k+1)
if it is necessary.

We start at the point M1 and we finish at the point M1 and if the point M1 moved, the
initial surface moved too. So we will check again the surfaces of the tube and if some points
are moved, we check again up to moved no points. Then, we calculate the new values of the
points of the next step with Euler method, because some points of the current step moved and
then we can check the following step with the same method.
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Figure 3.7: Part of a capture tube of a system of the 3rd order

3.5 Results
The result of this method is satisfactory. We have a disadvantage, we do not have a method

to choose the initial sides of the tube, we have to look the simulation of the corners of the initial
box and then, we choose the sides of the tube.

The figure 3.7 shows the result of this method with initial vectors x1 = [−6; −3], x2 = [3; 9]
and x3 = [0.6 ; 2]. The simulation is 100 step with dt=0.01 and the time of the simulation is
about 12 minutes.

The surface with triangles is the capture tube achieved by the method explained here.



Conclusion

Throw the example of two nonlinear systems, one of the 2nd order and one of the 3rd
order, we illustrated a method to build a capture tube and avoid wrapping effect. Thanks
to the cross − out conditions, we can build a capture tube which ensure the state equation
integration. We avoid the wrapping effect and the time of the computation is not too long.

However, we have a method for system of the 2nd and 3rd order, but not for higher orders.
For systems of the 2nd order the capture tube is built with lines, for systems of the 3rd order
the capture tube is built with triangle surfaces, for systems of the 4th order we cannot extend
this method.

A futur work can be to find a method for system of the n-th order. After some researches,
zonotopes or interpolation method seem to be difficult to implement. So, other matematical
concepts have to be studied to implement the method using the cross− out for system of the
n-th order.
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