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Consider the system {
ẋ = Ax

The system is monotonic if the �ow φ(t,x0) is monotonic in x0.
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Proposition. If A is a Metzler matrix (i.e., positive for all non
diagonal elements), then the system is monotonic.
Proof. We have

x(t+dt) = (I+dt ·A) ·x(t)

=


1+dt ·a11 dt ·a12 dt ·a13 · · ·

dt ·a21 1+dt ·a22 dt ·a23 · · ·
dt ·a31 dt ·a32 1+dt ·a33 · · ·

...
...

...
. . .

 ·x(t)

which corresponds to a monotonic evolution as soon as aij > 0, for
i ̸= j.
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Consider the system {
ẋ = Ax+Bu
y = Cx
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We have: {
ẋ = Ax+Bu
d
dt x̂ = Ax̂+Bu−L(Cx̂−y)

Luc Jaulin Luenberger contractor



9 / 27

Linear monotonic systems
Luenberger observer

Interval Luenberger contractor
Ellipsoidal Luenberger contractor

Set ε = x̂−x. We get:

d
dt (x̂−x) = Ax̂+Bu−L(Cx̂−Cx)−Ax−Bu

= A(x̂−x)−LC(x̂−x)

i.e.,
ε̇ = (A−LC)ε

in which the control u is not involved.
The estimation error ε tends towards zero if all the eigenvalues of
A−LC have negative real parts.
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3. Interval Luenberger

contractor
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Consider the system {
ẋ = Ax+Bu
y = Cx
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We de�ne the Luenberger observer

d
dt

x̂ = Ax̂+Bu−L(Cx̂−y)

or equivalently
x̂(t) = L (x̂0,y(t))
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Proposition. If the matrix L is chosen such that A−LC is
Metzler, we have

x(0) ∈ [x̂−(0), x̂+(0)]
x̂−(t) = L (x̂−(0),y)
x̂+(t) = L (x̂+(0),y)

⇒∀t,x(t) ∈ [x̂−(t), x̂+(t)]

Moreover, if A−LC is Hurwitz, ∥x̂+(t)− x̂−(t)∥→ 0.
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Consequence: The application

[x−(t),x+(t)] 7→ [x−(t),x+(t)]∩ [L (x−(0),y),L (x+(0),y)]

is a tube contrator for the constraint{
ẋ = Ax+Bu
y = Cx

We thus get the forward tube contractor.
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We de�ne the backward system{
ẋ = −Ax−Bu
y = Cx

From this backward system, we get the backward tube contractor.
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We alternate the forward tube contractor and the backward tube
contractor until the �xed point is reached.
It corresponds to the interval Luenberger contractor.
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Consider the system ẋ =

(
−2 0
1 0

)
x+

(
1
0

)
u

y =
(

0 1
)

x

We have

A−LC =

(
−2 0
1 0

)
−
(

ℓ1
ℓ2

)
·
(

0 1
)
=

(
−2 −ℓ1
1 −ℓ2

)
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The characteristic polynomial is

P(s) = det
((

s 0
0 s

)
−
(

−2 −ℓ1
1 −ℓ2

))
= det

(
s+2 ℓ1
−1 s+ ℓ2

)
= (s+2) · (s+ ℓ2)+ ℓ1
= s2 +(ℓ2 +2)s+2ℓ2 + ℓ1
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The Routh table is

1 2ℓ2 + ℓ1
ℓ2 +2 0

2ℓ2 + ℓ1

The error ε converges to 0 and A−LC is Metzler if

ℓ2 +2 ≥ 0
2ℓ2 + ℓ1 ≥ 0
−ℓ1 ≥ 0

We can take
ℓ1 =−1, ℓ2 = 1
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4. Ellipsoidal Luenberger

contractor
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Consider the system {
ẋ = Ax+Bu
y = Cx

with the Luenberger observer

x̂(t) = L (x̂0,y(t))
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Proposition. A matrix L is chosen such that A−LC is Hurwitz.
Take a Lyapunov function V(ε) = εTPε for the observation error ε

such that
V̇(ε)≤−V(ε) .

We have

∀t,V (ε(t))≤ e−tV (ε(0))

and
x(0) ∈ E (x̂(0),P)
x̂(t) = L (x̂(0),y)

}
⇒∀t,x(t) ∈ E (x̂(t),e−tP)
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