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Control with Lie brackets

1. Control with Lie brackets



Control with Lie brackets

To park, the blue car needs to move sideway



Control with Lie brackets

X] = U1COSX3
Xy = U sinx3
X3 = u
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Control with Lie brackets

The Lie bracket between the two vector fields f and g is

dg df
fogl="2.f_—".g
f, g o Bt



Control with Lie brackets

Consider the system
x =f(x) -u; +g(x) - us.
Apply the following cyclic sequence:

t€10,9] r€[0,28] te€[268,30] t€[30,48] t€[40,50]
u= (1,00 u=(0,1) wu=(-1,00 u=(0,-1) u=(1,0)

where 6 = o(1). We have (See Lavalle, Section 15.4.2.3.)

x(14+48) =x (1) + [f, g] (x(r)) 8% + 0(5?).
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Control with Lie brackets

Equivalently, we have the system

x =f(x) -u; +g(x) - us.

it
S 35

where 8 = o(1). We have

We apply:

x(14+48) =x (1) + [f, g] (x(1)) 82 + 0(5?).



Control with Lie brackets




Control with Lie brackets

Joint distribution theory
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and le([)
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Control with Lie brackets

What it this distribution?
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Remark. Since 8 =o0(1), we cannot go fast along [f,g].
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For our Dubins car:



Control with Lie brackets

We have
dg df

L) = B - M - S0 e
ax — X <~
00 0 cOs.x3 0 0 —sinxs 0
00 0 sinx; 0 0 cosxs 0
00 0 0 00 0 1
sinx;

= — COSX3
0

We can now move the car laterally.



Control with Lie brackets

If we apply the cyclic sequence, we get

CoS X3 0 sinxs
X = sinxs -ay + 0 -dy + —COSXx3 -as
0 1 0

f(x) g(x) [t.g] (x)
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2. Skate car






Model for the skate car

=R T O =

vcos O

vsin @

vp

- (B + sin OC) us
—v(B+sina)
Uy



Velocity model

6 = vB

v = —(B+sina)up
o = —v(B+sina)
B = w



0 vB 0 0
% 0 0 —B —sina
a | | —v(B+sina) N 0 2
B 0 1 0
~~ SN——
f g 2



We want to control v to equal to 7. Since

v = —(B+sind)uy.
We could take

Vv

B +siné
We get v =v—v . We quickly reach a singularity when
B+sind =0.

Uy =



We have
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We now have the system

X vcos 0 0 0
)'f ysin 0 0 0
0 | vB n 0 a4+ 0 ‘
" 0 o | 1 |
0 —v(B +sina) 0 0
B 0 1 0
~—— —
f 81 (g1,82]



Assume that we want to control v and f. i.e.
P (0 —1Y
g)=\1 o )?

v V—v
=k :

( B > ( B-B >

We want

Thus we take



To have a heading control, we take

B=-0018+0.1(6 - 0).



Skate car
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Desired heading 6 = ¢ and a desired speed ¥ = 100.



3. Abstract swimmer



Abstract swimmer

x =f(x)+g1(X) u; +g2(x) - uy
with
=)
v drlftless e fi(x) =
[g1.22] || (1,0,0,. )



Abstract swimmer

The skate car:

v 0 0 — (B +sina)
X vcos 0 0 0
y | vsin O N 0 N 0 |
0 o Vﬁ 0 uj 0 us
(04 —v(B+sina) 0 0
N~——
f g1 2

with
[g1,22] = (—1,0,0,...)
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