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II – Models
a) Representation Formalism



Representation Formalism

• Position

்

𝐁

(North)

(East)

(Down)

𝐁

𝐁

𝐁

𝐁



Representation Formalism

• Attitude, Orientation : Euler angles

ୣ୳୪ ்



Representation Formalism

• Attitude, Orientation : Euler angles

ୣ୳୪ ்

Singularities in the definition of yaw and roll when pitch approaches
𝝅

𝟐



Representation Formalism

• Attitude, Orientation : Rotation Matrix

with : ்

𝐐 =

0 −𝑛௭ 𝑛௬

𝑛௭ 0 −𝑛௫

−𝑛௬ 𝑛௫ 0

𝐧 = 𝑛௫ 𝑛௬ 𝑛௭ ், 𝐧 = 1

௫

௬

௭



Representation Formalism

• Attitude, Orientation : Quaternion

𝐧 = 𝑛௫ 𝑛௬ 𝑛௭ ், 𝐧 = 1

௫

௬

௭

𝑩
்

்

𝑩
்



Representation Formalism

• Attitude, Orientation : Rot mat. vs Quaternion

𝑩
்

்

𝑩
்

𝐑 =
𝑎ଶ + 𝑏ଶ − 𝑐ଶ − 𝑑ଶ 2 ⋅ 𝑏 ⋅ 𝑐 − 2 ⋅ 𝑎 ⋅ 𝑑 2 ⋅ 𝑎 ⋅ 𝑐 + 2 ⋅ 𝑏 ⋅ 𝑑
2 ⋅ 𝑎 ⋅ 𝑑 + 2 ⋅ 𝑏 ⋅ 𝑐 𝑎ଶ − 𝑏ଶ + 𝑐ଶ − 𝑑ଶ 2 ⋅ 𝑐 ⋅ 𝑑 − 2 ⋅ 𝑎 ⋅ 𝑏
2 ⋅ 𝑏 ⋅ 𝑑 − 2 ⋅ 𝑎 ⋅ 𝑐 2 ⋅ 𝑎 ⋅ 𝑏 − 2 ⋅ 𝑐 ⋅ 𝑑 𝑎ଶ − 𝑏ଶ − 𝑐ଶ + 𝑑ଶ

𝑟 = ±
1

2
⋅ 1 + Tr 𝐑 ;

𝑎 = 𝑟 𝑐 =
1

4 ⋅ 𝑟
⋅ 𝑅ଵଷ − 𝑅ଷଵ

𝑏 =
1

4 ⋅ 𝑟
⋅ 𝑅ଷଶ − 𝑅ଶଷ 𝑑 =

1

4 ⋅ 𝑟
⋅ 𝑅ଶଵ − 𝑅ଵଶ

with : ்

𝐐 =

0 −𝑛௭ 𝑛௬

𝑛௭ 0 −𝑛௫

−𝑛௬ 𝑛௫ 0



Quaternion, basic relations
• Any rotation of an angle 𝛼 around a unitary vector 𝐧 can be expressed by the unitary quaternion :

𝐐 = 𝑐𝑜𝑠
ఈ

ଶ
𝐧் ⋅ 𝑠𝑖𝑛

ఈ

ଶ

்
, 𝐧 = 1 → 𝐐 = 1

• The composition of 2 rotations, 𝐐ଵ and 𝐐ଶ can be expressed using the (non commutative) quaternionic
multiplication, resulting in the 𝐐𝟑 quaternion such that :

𝐐ଷ = 𝐐ଶ ⊗ 𝐐ଵ

• The conjugate of a quaternion 𝐐 is denoted 𝐐∗ and exhibits the following properties: 

𝐐∗ = 𝑐𝑜𝑠
ఈ

ଶ
−𝐧் ⋅ 𝑠𝑖𝑛

ఈ

ଶ

்
;

𝐐ଵ ⊗ 𝐐ଶ
∗ = 𝐐ଶ

∗ ⊗ 𝐐ଵ
∗ ; 

𝐐 ⊗ 𝐐∗ = 𝐐 ⋅ 𝟏𝐐, where 𝟏𝐐 = 𝟏, 𝟎, 𝟎, 𝟎 𝑻 is called identity quaternion

• A vector 𝐯 ∈ ℝଷ can be expressed as a pure imaginary (non unitary) quaternion as: 

𝐕 = 0, 𝐯் ்

• The rotation 𝐐 applied on a vector 𝐯𝟏 ∈ ℝଷ results in a vector 𝐯𝟐 expressed as:

𝐕𝟐 = 𝐐 ⊗ 𝐕𝟏 ⊗ 𝐐∗, where 𝐕𝟏 = 0, 𝐯𝟏
் ்

and 𝐕𝟐 = 0, 𝐯𝟐
் ்



• An object, onto which a frame 𝐁 : 𝐗𝐁, 𝐮, 𝐯, 𝐰 is rigidly attached, in rotation w.r.t an intertial frame 
𝐔 : 𝐎, 𝐱, 𝐲, 𝐳 , has an angular velocity vector denoted 𝛚. The orientation of 𝐁  w.r.t 𝐔 is denoted with 

quaternion 𝐐. Hence the following relations hold :

𝛀஻ = 𝟐 ⋅ 𝐐∗ ⊗ 𝐐̇, where 𝛀஻ = 0, 𝛚஻
் ் and 𝛚஻ = 𝑝, 𝑞, 𝑟 𝑻 is 𝛚 expressed in 𝐁 , and

𝛀𝟎 = 𝟐 ⋅ 𝐐̇ ⊗ 𝐐∗, where 𝛀଴ = 0, 𝛚଴
் ் and 𝛚଴ is 𝛚 expressed in 𝐔

• The left-multiplication of previous relation by 𝐐 yields the kinematic rotational model of the moving 
object as:

𝐐̇ =
𝟏

𝟐
⋅ 𝐐 ⊗ 𝛀஻, 

where 𝛀஻ = 0, 𝛚஻
் ், 𝛚஻ = 𝑝, 𝑞, 𝑟 𝑻

and 𝑝, 𝑞 and 𝑟 denote the object rotational velocities expressed in its own 𝐁 frame, as described in the 
sequel.

Quaternion, basic relations



Representation Formalism
• Velocities

𝑩
்

𝑩
ୢ𝐝

ୢ௧ 𝑩
= ்

(surge)(heave)

(sway)

(pitch vel.)

(yaw vel.)

(roll vel.)

(North)

(East)

(down) 

{U}

{B}
d



Position

Attitude

Velocities

State

Rotation Matrix

 𝑩 ஻

Kinematic
Model

Quaternions

𝑩
் ் ∗

஻
் ்

𝛀ಳ

𝐁

𝐁

Euler angles

ୣ୳୪ ்

ୣ୳୪

𝐁

஻

ୣ୳୪ ୡ୧୬
ୣ୳୪ 𝐁

஻

𝑩
், ஻

்

்

𝐑ୡ୧୬
ୣ୳୪ =

cos 𝜓  ⋅ cos 𝜃 cos 𝜓  ⋅ sin 𝜃  ⋅ sin 𝜙 − sin 𝜓  ⋅ cos 𝜙 cos 𝜓  ⋅ sin 𝜃  ⋅ cos 𝜙 + sin 𝜓  ⋅ sin 𝜙 0 0 0
sin 𝜓  ⋅ cos 𝜃 sin 𝜓  ⋅ sin 𝜃  ⋅ sin 𝜙 + cos 𝜓  ⋅ cos 𝜙 sin 𝜓  ⋅ sin 𝜃  ⋅ cos 𝜙 − cos 𝜓  ⋅ sin 𝜙 0 0 0

− sin 𝜃 cos 𝜃  ⋅ sin 𝜙 cos 𝜃  ⋅ cos 𝜙 0 0 0
0 0 0 1 sin 𝜙  ⋅ tan 𝜃 cos 𝜙  ⋅ tan 𝜃
0 0 0 0 cos 𝜙 −sin 𝜙

0 0 0 0
sin 𝜙

cos 𝜃

cos 𝜙

cos 𝜃

Gimbal lock, if 
గ

ଶ

𝝎஻ ∧=

0 −𝑤௭ 𝑤௬

𝑤௭ 0 −𝑤௫

−𝑤௬ 𝑤௫ 0

Representation Formalism

𝐁

஻



II – Models
b) Kinematic Model



Kinematic Model

• 2D, Cartesian, no constraint



Kinematic Model

• 2D, Surface Craft, Cartesian, no constraint



Kinematic Model

• 2D, Surface Craft, Cartesian, no constraint



Kinematic Model

• 2D, Cartesian, the Wheel, nonholonomic
constraint : 

Non-holonomy



Kinematic Model

• 2D, Cartesian, the Wheel, nonholonomic
constraint : 



Kinematic Model

• 2D, Cartesian, the Unicycle, nonholonomic
constraint : 



Kinematic Model

• 2D, Cartesian, the Car, nonholonomic
constraint : 



II – Models
c) Actuation Model



Actuation Model

• 2D, the Unicycle

ோ

௅



Actuation Model

• 2D, the Car

௦

differential drive ( ோ



Actuation Model

• 2D, the Car, non-sliding contraints

௅

ோ

If ௅ ோ , the constraints
are not respected

ICR is not properly defined

௅

ோ

ICR is properly defined
Constrains are respected

௅ ோ, 
ఋಽ+ ఋೃ

ଶ



Actuation Model

• 2D, Cartesian, Omni-directional sweedish
wheels system

ଵ

ଶ
ଷ

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛈̇ = 𝐑 ⋅ 𝛎

𝑤ଵ

𝑤ଶ

𝑤ଷถ
𝐔

= −
1

𝑅
⋅

− sin 𝛼ଵ cos 𝛼ଵ 𝑑
− sin 𝛼ଶ cos 𝛼ଶ 𝑑
− sin 𝛼ଷ cos 𝛼ଷ 𝑑

𝐀షభ

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛎 = 𝐀 ⋅ 𝐔

𝛼ଵ =
𝜋

3
, 𝛼ଶ = −

𝜋

3
, 𝛼ଷ = 𝜋

2 ⋅ 𝑅

𝑑

@ RobotMaker.com

𝛼ଵ



• 2D, Cartesian, Omni_directional Mecanum
wheels system

ଵ

ଶ

ଷ

ସ

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛈̇ = 𝐑 ⋅ 𝛎

𝑤ଵ

𝑤ଶ

𝑤ଷ

𝑤ସถ
𝐔

=

1 1 − 𝐿ଵ + 𝐿ଶ

−1 1 − 𝐿ଵ + 𝐿ଶ

1 −1 − 𝐿ଵ + 𝐿ଶ

−1 −1 − 𝐿ଵ + 𝐿ଶ

𝐀షభ

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛎 = 𝐀 ⋅ 𝐔

@ Forklift

Actuation Model



Actuation Model

• 2D, the Car, Pseudo-Omni-Directional
Wheeled Robots

ଵ

ଶ

ଷ

ସ

ICR

@ LIRMM

ଵ

ଶ

ଷ

ସ

ଵ ଶ ଷ ସ
் 

ଵ ଶ ଷ ସ
் 

௧ 𝐖

௧ 𝚫
𝑰𝑪𝑹

𝐁

ିଵ

௧

௧



• Kinematic simulation

Simulation

Video sim Unicycle

Video sim Car

Video sim Omni 3 roues

Video sim Omni Mecanum



• 2D, Cartesian, Propulsive actuation

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛈̇ = 𝐑 𝛈 ⋅ 𝛎

Actuation Model

𝐹௨

𝐹௩

𝛤௥ถ
𝐅ಳ

= 𝐀 ⋅ 𝐹ଵ, 𝛤ଵ, … , 𝐹௜, 𝛤௜, … , 𝐹௡, 𝛤௡
்

𝐅ౣ

→ 𝐅஻ = 𝐀 ⋅ 𝐅୫

Dynamic Model:

ୈ ஻

௜

ଵ

ଵ

௜

௡ ௡

௨

௩

௥



Dynamic Model

u (surge) 

w (heave) 

v (sway) 

q (pitch) 

r (yaw) 

p (roll) 

{B} 

. 

. 

. 

. 

. 

. 

Fu Fv 

Fw 

Γp Γr 

Γq 

஻ ஽

Hydro-dynamic phenomena (fluid/structure interaction) : 
- Buoyancy
- Lift and Drag
- Added Mass



Dynamic Model

u (surge) 

w (heave) 

v (sway) 

q (pitch) 

r (yaw) 

p (roll) 

{B} 

. 

. 

. 

. 

. 

. 

Fu Fv 

Fw 

Γp Γr 

Γq 

஻ ஽



Dynamic Model

u (surge) 

w (heave) 

v (sway) 

q (pitch) 

r (yaw) 

p (roll) 

{B} 

. 

. 

. 

. 

. 

. 

Fu Fv 

Fw 

Γp Γr 

Γq 

஻ ஽



Dynamic Model

u (surge) 

w (heave) 

v (sway) 

q (pitch) 

r (yaw) 

p (roll) 

{B} 

. 

. 

. 

. 

. 

. 

Fu Fv 

Fw 

Γp Γr 

Γq 



• 2D, Cartesian, Propulsive actuation, ASV

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛈̇ = 𝐑 ⋅ 𝛎

Actuation Model

𝐹௨

𝐹௩

𝛤௥ถ
𝐅ಳ

=
1 1
0 0
𝑑 −𝑑

𝐀

⋅
𝐹௅

𝐹ோ

்

𝐅೘

→ 𝐅஻ = 𝐀 ⋅ 𝐅௠

𝑢̇
𝑣̇
𝑟̇ด
𝛎̇

=

1

𝑋௨̇
⋅ 𝐹௨ − 𝑋௨ ⋅ 𝑢 ⋅ 𝑢

1

𝑌௩̇
⋅ 𝐹௩ − 𝑌௩ ⋅ 𝑣 ⋅ 𝑣 − 𝑌௨௥ ⋅ 𝑢 ⋅ 𝑟

1

𝑁௨̇
⋅ 𝛤௥ − 𝑁௥ ⋅ 𝑟 ⋅ 𝑟

→ 𝛎̇ = 𝐟஽ 𝚯, 𝛎, 𝛈, 𝐅஻

௥

ோ

௨

௩

௅

𝐁



• 2D, Cartesian, Propulsive actuation, ASV

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛈̇ = 𝐑 ⋅ 𝛎

Actuation Model

𝐹௨

𝐹௩

𝛤௥ถ
𝐅ಳ

=
1 1
0 0
𝑑 −𝑑

𝐀

⋅
𝐹௅

𝐹ோ

்

𝐅೘

→ 𝐅஻ = 𝐀 ⋅ 𝐅௠

𝑢̇
𝑣̇
𝑟̇ด
𝛎̇

=

1

𝑋௨̇
⋅ 𝐹௨ − 𝑋௨ ⋅ 𝑢 ⋅ 𝑢

1

𝑌௩̇
⋅ 𝐹௩ − 𝑌௩ ⋅ 𝑣 ⋅ 𝑣 − 𝑌௨௥ ⋅ 𝑢 ⋅ 𝑟

1

𝑁௨̇
⋅ 𝛤௥ − 𝑁௥ ⋅ 𝑟 ⋅ 𝑟

→ 𝛎̇ = 𝐟஽ 𝚯, 𝛎, 𝛈, 𝐅஻Under-actuation

௥

ோ

௨

௩

௅

𝐁



• 2D, Cartesian, Propulsive actuation, ASV

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛈̇ = 𝐑 ⋅ 𝛎

Actuation Model

𝐹௨

Γ௥ต
𝐅ಳ

=
1 1
𝑑 −𝑑

𝐀

⋅
𝐹௅

𝐹ோ

்

𝐅೘

→ 𝐅஻ = 𝐀 ⋅ 𝐅௠

𝑢̇
𝑣̇
𝑟̇ด
𝛎̇

=

1

𝑋௨̇
⋅ 𝐹௨ − 𝑋௨ ⋅ 𝑢 ⋅ 𝑢

1

𝑌௩̇
⋅ −𝑌௩ ⋅ 𝑣 ⋅ 𝑣 − 𝑌௨௥ ⋅ 𝑢 ⋅ 𝑟

1

𝑁௨̇
⋅ 𝛤௥ − 𝑁௥ ⋅ 𝑟 ⋅ 𝑟

→ 𝛎̇ = 𝐟஽ 𝚯, 𝛎, 𝛈, 𝐅஻

௥

ோ

௨

௅

𝐁



• 2D, Cartesian, ASV vs Unicycle

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

=
cos 𝜓௧ 0
sin 𝜓௧ 0

0 1

⋅
𝑣௧

𝜓̇௧

Back to kinematics

𝐁

௧

௧

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 0
sin 𝜓 0

0 1
𝐉

⋅
𝑢
𝑟ด
𝛎

The total velocity of a moving object is
necessarily tangent to its own trajectory

𝐁



• 2D, Cartesian, ASV vs Unicycle

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

==
cos 𝜓௧ 0
sin 𝜓௧ 0

0 1

⋅
𝑣௧

𝜓̇௧

Back to kinematics

𝐁

௧

௧

𝐁

௧

௨ ௨ ௨

௩ ௨௥ ௩

௥ ௥ ௥

௧

ଶ ௨௥

௩

௨௥

௩

௥

௩̇

Covered by stern dominancy assumption
(open-loop local stability)



• 2D, Cartesian, ASV, AUV vs Unicycle

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

==
cos 𝜓௧ 0
sin 𝜓௧ 0

0 1

⋅
𝑣௧

𝑟 + 𝛽̇

Back to kinematics

𝐁

௧

௧

𝐁

Covered by stern dominancy assumption
(open-loop local stability)



• 2D, Cartesian, Propulsive actuation, AUV

𝑥̇
𝑦̇

𝜓̇ต
𝛈̇

=
cos 𝜓 −sin 𝜓 0
sin 𝜓 cos 𝜓 0

0 0 1
𝐑

⋅
𝑢
𝑣
𝑟ด
𝛎

→ 𝛈̇ = 𝐑 ⋅ 𝛎

Actuation Model

𝐹௨

𝐹௩

𝛤௥ถ
𝐅ಳ

=
1 1 0
0 0 1
0 0 𝑑

𝐀

⋅

𝐹௣

𝐹௥௨ௗ
஽௚

௥௨ௗ
௅௙௧ൡ = 𝐟௥௨ௗ(𝑣௧, 𝛿௥௨ௗ)

்

𝐅೘

→ 𝐅஻ = 𝐀 ⋅ 𝐅௠

𝑢̇
𝑣̇
𝑟̇ด
𝛎̇

=

1

𝑋௨̇
⋅ 𝐹௨ − 𝑋௨ ⋅ 𝑢 ⋅ 𝑢

1

𝑌௩̇
⋅ 𝐹௩ − 𝑌௩ ⋅ 𝑣 ⋅ 𝑣 − 𝑌௨௥ ⋅ 𝑢 ⋅ 𝑟

1

𝑁௨̇
⋅ 𝛤௥ − 𝑁௥ ⋅ 𝑟 ⋅ 𝑟

→ 𝛎̇ = 𝐟஽ 𝚯, 𝛎, 𝛈, 𝐅஻

௥

௨

௣

𝐹௥௨ௗ

௥௨ௗ
𝐹௥௨ௗ

௅௙௧

𝐹௥௨ௗ
஽௚



• 3D, Cartesian, Propulsive actuation, AUV

Actuation Model

Γb,r 

Fb,r 

FB = A ×Fm

{B} 

Fu 

Fw 

Fv 

Γp 
Γr 

Γq 

Fprop 

Frud,up 

Frud,dwn 

Γs,l 

Γb,r 

Fs,r Fs,l 

Γ pr
op

 

Γrud,up 

Γs,r 

Γrud,dwn 

Γb,l 

Fb,l 

Fb,r 

FB =

0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 -1 0 1 0 0
1 0 -1 0 1 0 -1 0 0 0 0 0 0 0
R 0 -R 0 R 0 -R 0 R 0 R 0 0 1
ds 1 -ds -1 db 1 -db -1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 -db 1 db -1 0 0

é

ë

ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú

×Fm

(please
check !)



• 3D, Cartesian, Propulsive actuation, AUV

Actuation Model

FB = A ×Fm

{B} 

Fu 

Fw 

Fv 

Γp 
Γr 

Γq 

Fprop 

Frud,up 

Frud,dwn 

Γs,l 

Γb,r 

Fs,r Fs,l 
Γ pr

op
 

Γrud,up 

Γs,r 

Γrud,dwn 

Γb,l 

Fb,l 

Fb,r ௥௨ௗ,௨௣

௥௨ௗ,ௗ௪௡
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• Control surface

Actuator characteristics
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• Control surface

Actuator characteristics

http://airfoiltools.com/airfoil/naca4digit
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• Thruster (T200, BlueRobotics)
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• Thruster (T200, BlueRobotics)
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• Kinematics

• Dynamics

Simulator
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• Kinematics

• Dynamics

Simulation
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