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Utilisation des Contraintes de Lagrange
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Lagrange Constraint

Let the following dynamical system with model : F;, = M - X + G(x,x), where x = [x;, ... x,]T denotes its state vector.
Considering F = F;, — G(x,x), yields :

F=M- X
This system undergoes the following constraints:
¢x) =0

The constraint’s derivation provides :

[aqs(x) 0| .,

0x4 0x,

A
A-x+A-x=0

Hence the dynamics of the constrained system is, where AT - A designs the forces of respect of the contraint:
F+AT-A=M- %

The new constrained system is then written as:
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Lagrange Constraint

Exemple : an object, that is assimilable to a ponctual mass m, is falling in the vertical plane of a terrestrial
gravity field of magnitude g, with a linear viscous friction with coefficient f. Its initial position is denoted
X(0) = [0,0]T. This object is attached to a nonelastic rope of length [ attached to the point Xg = [1/2,0]".

Unconstrained dynamics: F=M: X = [ 0 ] — f-X, where M = [m 0
-m - g 0 m
.. -1
LA _ _1 . X _ M O . F
> x=mro i =l ][Rl

Constraint: ¢X) =X -Xp)T-X-Xg)—-12=0

$pX)=A-X;A=2-(X—Xp)"; “ :
dX)=A-X+A-X;A=2-XT ;
Constrained dynamics: F=M-X—AT-2; .
S A R S
A A 0 —A-X !
X| [M o —AT] " [F
s |xl=]0 14 o0 - 1X j
A A A 0 0 :
. X1 M 071! [F
If ¢(X) < 0, unconstrained dynamics : [X] = [0 Id] . [X]
. X| [M o -AT| " [F
else, constrained dynamics : (at first instant : X(2) = 0) and|X| =0 I4 O X
2l A A o0 0




Lagrange Constraint

Application to Quaternion integration (1/2):
The position and attitude of a mobile system are denoted : n = [g] while its body-frame (absolute) velocities

— T
are:v= Ve =[wv, W]T]. The kinematic model can be expressed as :
WB = [p; C[,T'] r
. T$-(Q®[0.Vi] ® Q)
n=|[-|= 1
!Q] - Q® [0, wg]”
Qp
0 1 0 O
where Ty =(0 0 1 0], which allows to transform a pure imaginary quaternion into its equivalent vector.
0 0 0 1

The inverse transformations uses T‘f2 = (T&) . Hence the inverse kinematic model is written as :

vV =

Vo) _ - (@ ®[0X" ®q)
We 2 (2 ®Q)

The inverse dynamic model of the system is expressed in the body frame as :[2] =M1 (Fg(cy) — f(v,m)),
where [x] denotes the (absolute) longitudinal and rotational accelerations expressed in the body frame
1y (@0l ® )

Q® [0yl ® @

([2] # V). Hence, system dynamics can be written as : 1} = [é] =



Lagrange Constraint

Application to Quaternion integration (2/2):

The constraint to be considered concerns the quaternion normalisation, that can be written as :
¢(Q=Q"-Q-1=0

First derivation yields : QT-Q = A-Q = 0, where A = QT

Second derivation:A-Q+A-Q=0

The consideration of the normalisation contraint yields to the consideration of the following constrained
dynamic system :

i = [él |1 (e®[o.af] ® @)

0
v ee | i

We can then define the following system, to be integrated, with constraint respect :
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Simulator : Integration

 Numerical solution of an ODE

xM@(@) = F(x® D (@), ..., (), x(), u™ (1), ..., u(t), P) > x(t)?
Initial conditions at ty : x ™ D (tp), ..., x D(tp), ..., x (to), x(to) et u™(t), ..., 1u(t), P known
— Computat® of x™ (t,)= f(x("‘l)(to), o, X(t0), x (o), u™ (ty), ..., u(ty), P)

— Computation at (t, + dt) : x™@ D (¢, + dt), ..., xD(ty + dt), ..., x(tp + dt), x(t, + dt)
to+dt

Integration over an horizon dt : x V(ty +dt) = xV(t,) + j x™ (7)dt

to
tot+d

x(ty + dt) = x(ty) + f 1(t)dr

to



Simulator : Integration

 Numerical solution of an ODE

xM@(@) = F(x® D (@), ..., (), x(), u™ (1), ..., u(t), P) > x(t)?
Initial conditions at ty : x ™ D (tp), ..., x D(tp), ..., x (to), x(to) et u™(t), ..., 1u(t), P known
— Computat® of x™ (t5)= f(x "V (to), ..., x(to), x(to), u™ (ty), ..., 1t(ty), P)
— Computation at (t, + dt) : x™@ D (¢, + dt), ..., xD(ty + dt), ..., x(tp + dt), x(t, + dt)

x ™ D(t, +do)] [x™V(ty)] xM(7) ]
xM=2) (¢, + dt) x| tota [x® V(D)

- dt

o .‘ + :
xE D, +de) | | xED(t) J x@D (1)

Integration over an horizon dt :

x(to+dt) 1 | x(ty) . | x(7)
x(to+dt) x(to) x(®)

to+dt

X(to +dt) = x(to)+ fto x(7) -dt



Simulator : Integration

 Numerical solution of an ODE

x™ () = fF(x® (), ..., 2(1), x(8), uT™(8), ..., (L), P) = x(£)?
Initial conditions at ty : x™ D (¢ty), ..., xD(ty), ..., x(to), x(to) et u™(t), ..., u(t), P known
— Computat® of x™ (t,)= f(x(”‘l)(to), v, X(t0), x (o), u™ (o), ..., u(ty), P)

— Computation at (t, + dt) : x™® D (¢, + dt), ..., xO(ty + dt), ..., x(tp + dt), x(t, + dt)

Integration over an horizon dt :

y®,

_ o
7
dt

to

N Plto) - dt Euler, dt adaptatif

(YO0t +dt) +y-D(¢p)) -ae/2  Trapéze

-

Runge-Kutta




Simulator : Integration

 Numerical solution of an ODE

xM@(@) = F(x® D (@), ..., (), x(), u™ (1), ..., u(t), P) > x(t)?
Initial conditions at ty : x ™"V (ty), ..., xD(tp), ..., x(to), x(ty) et u™(¢), ..., u(t), P known
— Computat® of x™ (to)= f(x™ Y (ty), ..., X (to), x(to), u™ (to), ..., 1(ty), P)
— Computat® at (t, + dt) : x V(¢ + dt), ..., xD(ty + dt), ..., x(ty + dt), x(t, + dt)
— Computat® of x™ (t, + dt)= f(x("_l)(to + dt), ..., X(torar) x(tg + dt) ...)

— Computat® at (t, + 2dt) : x™ D (t, + 2dt), ..., xD(ty + 2dt), ..., x(ty + 2dt), x(t, + 2dt)

— eee

— Computat® at (¢, + kdt) : x™ "V (t, + kdt), ..., xD(ty + kdt), ..., x(ty + kdt), x(t, + kdt)

x(t) = {x(ty), x(ty + dt), ..., x(ty + kdt), ..., x(ty + ndt)}

Trajectory



Simulator : structure

Actuators input




Simulator : structure

The Periods

« Hardware in the Loop : HIL Teras: Control period

TinTEG: Integration period (T;yrec<

Ts1 : Sampling period of SENSOR;
Ts, : Sampling period of SENSOR,

TCTRL)
100

Terre Ts, : S li iod of SENSOR
- sn - @ampling perioa o n
Actuators input
x(t) = f(x(t),u(t)) ‘ ‘
TinTEG trdt ' :
Sensors measures x(t + dt) = f %(7) - dt
t
Tsq _
SENSOR,(t + dt) = g, (x(t + dt))
Tsensors = {Ts1, Tszs -+ Ton} Iz SENSOR,(t +dt) = g, (x(t + dt))
TSn

SENSOR,(t + dt) = gp(x(t + dt))



Simulator : structure

« software in the Loop : SIL

Actuators input

""""" () = fEOu®)  ~ ‘
C t+dt )
x(t+dt) = f x(t) - dt

t

SENSOR,(t + dt) = g, (x(t + dt))
SENSOR,(t + dt) = g,(x(t + dt))

SENSOR,(t + dt) = gp(x(t + dt))



Simulator : structure

« software in the Loop : SIL

Actuators input

x(t) = f(x(®),u(t)) )

t+dt
x(t+dt) = f x(t) - dt
t

SENSOR,(t + dt) = g, (x(t + dt))
SENSOR,(t + dt) = g,(x(t + dt))

SENSOR,(t + dt) = gp(x(t + dt))




Simulator : structure

e Basic simulation Control compuation

Physics computation
Display




